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Abstract We consider the problem of maximizing throughput in a multi-carrier wireless network that em-
ploys predictive link adaptation. We explicitly consider the time-penalty incurred due to link adaptation. The
contributions of this paper are two-fold. Firstly, several high performance algorithms (offline and online) are
developed for efficient performance in multiple user and multiple channel environment under the practicable
lookahead prediction of one time slot. Secondly, the presented algorithms and heuristics are shown to be com-
petitive by deterministic and probabilistic analyses. Our results show that a modest consumption of resources
for channel prediction and link adaptation may result in a significant throughput improvement.

Keywords Wireless networks heuristic- competitive algorithm

1 Introduction

Wireless connections often experience sudden changes in the quality of transmission. Transmission occurs in
units called packets, where a packet carries a certain amount of information to be transmitted in unit time. A
channel, which may be a combination of frequency and code or a combination of frequency and time slot, has
a certain (time-varying) capacity, that may be alloted to a user either in part or in full. When the quality of
transmission degrades over a channel, the network provider may adjust the channel transmission parameters
or resume the connection over a different channel. The change in the channel or the transmission parameters
is calledlink adaptation The change, however, may not be instantaneous, and the penalty for switching is the
loss of the alloted capacity for a certain time, during which the protocols for the switch (authorization and
acknowledgment) are communicated in lieu of data. Predicting the future channel quality may also consume
a significant amount of system resources (e.g., time, bandwidth and power), since it may involve transmission
of training-sequences, pilot tones, or feedback messages carrying the channel state information, see [5].

In this investigation we assume, as is practicable, that we have only one predictable lookahead slot of
capacity, during which time a decision must be made as to whether lose the slot (dedicate it to switching
protocols) or continue to transmit data. There is a trade-off—we may continue data transmission, losing a
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suddenly improved capacity on this or another channel, or use the next time slot to prepare for switching, but
ending up squandering too many slots on computing the switching protocols, and incurring other associated
overhead.

Our goal is to maximize the throughput of the entire network of multiple users and multiple channels. In
the absence of the complete knowledge of the future of the process, as is the practice in reality, it is desirable
to find efficient online algorithms, operating under the practicable assumption of admitting the prediction of
only one time slot lookahead capacity. Efficient offline algorithms provide a good basis.

Previous research work in this field has focused on maintaining system stability with by bounding the
queue sizes (see, for example, [1] and [2]), and on providing fairness within throughput (see [9]). Gener-
ally, the penalty incurred by link adaptation has not been considered. We augment these investigations by
considering the cost associated with the changes.

The rest of this paper is organized as follows. The system model and a precise statement of both offline and
online versions of the problem are presented in Section 2, together with some background. The offline version
of the problem is studied in Section 3, where we prove the inherent difficulty of the problem by showing it
is NP complete in Subsection 3.1. In Subsection 3.2, we preseaparoximation algorithm for the offline
version. The algorithm and its analysis appear in three subsubsections therein. In Section 4 we consider the
online version of the problem for the single user and single channel case (single-single henceforth), and
present a competitive family of algorithms in Subsection 4.1. We also consider a probabilistic analysis of our
family in Subsection 4.2. We extend the algorithm to the multiple user and multiple channel case (multiple-
multiple, henceforth) in Subsection 4.3, and extend the probabilistic analysis in Subsection 4.4. Finally, our
conclusions and some ideas for further research are presented in Section 5.

2 System Model and Problem Statement

We consider the channel scheduling problem in a wireless network that consists of one baserstatibile
stations,f channels, over a period of (large) time slots. The maximum rate that can be used by station

1 on channelj in time slot¢ is denoted by(i, j,t), and the rate assigned (thisag@ by the scheduler to

useri on channelj in time slott is denoted byz(z, j, t), which does not exceed, j,t). For1 < i < m,

1 <j < fandl <t < n,the matrix of capacities(s, j, t) will be calledC and the schedule(i, j, ¢) will be
calledX. Regardless of the scheduling algorithm, the system operates under the following additional set of
natural assumptions:

— A mobile station can receive data on at most one channel at a given time slot.

— To prevent interference, a channel can be used for transmission from one base station to at most one
mobile station at a given time slot.

— While changing the usage, or the intended mobile station, the next time slot is utilized for completing the
switching protocol, not for data transmission.

All thesenatural constraintsymbolically translate into:

x(i,7,t) < c(i,j,t), foreachl <i<m,1<j< f,andl <t <n.

If x(4,4,t) > 0, then for any;’ = j, z(i, ', t) = 0.

If z(i,4,t) > 0, then for anyi’ # 4, x(¢/, j,t) = 0.

For anyy, if (i, j,t) > 0 andz(i’, j,t + 1) > 0, theni = ¢’ andx (4, j, t) = x(4, 5, t + 1).
For anyi, if z(i,5,t) > 0 andx(i, 5/, + 1) > 0, thenj = j/ andx(i, j, t) = «(i, 5, ¢t + 1).

agrLDOE

For example, considen, = f = 1 (i.e., single-single environment), = 7, and the channel capacity
matrix C = [1,3,7,8,7,15,14]. An algorithm may produce the feasible schedMle = [0,0,7,7,7,0, 14],
with throughput 35; a better algorithm may give the feasible scheRyle= [1,0,7,7,0, 14, 14] with the
higher throughput 43. In fa&, is optimal. Note that in these feasible solutions a change of usage is always
preceeded by 0, as required by the switching protocols.

If a change is required in the receiving station or the usage, the next downlink transmission (in time slot
1) is used to notify the receiver of the new usage, which is confirmed by the recipient via an acknowledgment
in the next uplink transmission. Transmission at the new usage (possibly to a new user) starts only after a
delay of a full duplex transmission cycle. The earliest time a new usage can come into effect after time slot
ist + 2. The same penalty is assumed to be applied when a user is changed on the same channel.



Let the throughput of uséron channelj be

n
E xT Zj,
t=1

The goal is to maximize the total network throughput, that is, maximize
> Zf_l R;;(n) under the natural constraints. We shall compare the network throughput against the total
capacrfy available

Cap(n ZZZCZJ,

We formally state the problem as follows.

Offline Scheduling Problem (SP1)
Given: A channel status matri€¢ = [c(z, j,¢)]for1 <i<m,1<j < f,andl <t < n.
Objective:Find a schedul&X = [z(i, j, t)] that maximize$ " | Zle R;;(n) under the natural constraints.

Next, we consider the online version of this problem. In the online version, the decision about channel allo-
cation needs to be made at each time slot. We assume that, at the beginning of tinthsloase station has
perfect knowledge of the channel state in time sl@iad¢ + 1. The base station decides to which station, on
what channel, and at what data rate it is going to transmit during time. slot

Online Scheduling Problem (SP2)

Given: A channel allocation matrikz(i, 7,t')], a channel capacity matrix (i, j,¢' + 1)] for 1 < i < m,
1<j< f,forsomet > 1,andVt < t.

Objective:Find the channel allocation for time slati.e., [z(i, j, t)] that maximizes)_." Z;,c:l R;;(n)
subject to the set of natural constraints.

Simpler single-single versions of these scheduling problems were considered in the earlier work of [3].
The results presented in this paper are an extension of some results presented there, which are summarized
as:

— The single-single version of the offline proble3®1can be solved i) (n?) time using a dynamic pro-
gramming algorithm.

— For the online problensP2 for every finite size lookahead online algorithm, there exists a sequence of
capacities that makes the algorithm suboptimal. (This result is noteworthy, because the penalty is fixed to
one time slot.)

— There exist two 4-competitivé-lookahead online algorithms f&P2for the single-single version: One,
called WD algorithm, can be extended to the multiple-multiple environment as discussed in Section 4, and
the other, called WDH algorithm, works only for the single-single environment.

— For SP2 for the single-single case, the WDH algorithm provides an average performance of about 96%
of the optimal as noted in a simulation study.

3 Offline Problem Analysis

In this section, we consider the decision version of SP1, and establish its NP-completeness. In the decision
version, we are given a value in addition to an instance of SP1, and we need to decide if the problem instance
has a solution that has throughput matching or exceeding the specified value. Clearly, the decision version of
SP1is in NP, since a@(n) time non-deterministic algorithm can find a solution, and given a solution, we
can easily verify if it is a feasible solution and if its value exceeds the specified value.

1 An online algorithm is said to b&competitive if the performance of the algorithmjigimes “worse” than the performance
of an optimal offline algorithm.



3.1 NP-completeness of SP1

To show that SP1 is NP complete, we present a polynomial time reduction from a well-known NP-complete
problem, the3-Dimensional Matching Problento SP1.

3-Dimensional Matching Problem: (For details see [6].)
Given:Disjoint setsIy, T» andT; of sizeq, and a sef C T x Ty x T3, where|S| = p > q.
Objective: Determine whether there exisf, such thatS, € S, and S, contains each element of
Ty, T, T3 exactly once.

Note that if such a subsét exists,|.Sy| must be equal tg. Consider an instance of 3DM:

T :{Oél,...,Oéq},
T2 = {51,...,,6(1},

T3 = {71)"'a7q}a
Sng XTQ XT3.

We now construct an instance of SP1 such that 3DM is solvable if and only if total throughput for SP1
matches or exceeds a certain value. The instance of SPh Bagq users,f = 2¢ channels and = 3¢ — 2
time slots. The sets of users, channels and time slots are given as follows:

U={u,...,uqwi,...,wg},

C:{cl,...,cq,dl,.. d},
T = {t1,th,tY, .. tg 1.t 1ty 1 tq}

Note thatt;, = 3k —2,t;, = 3k—1, andt], = 3k for 1 < k < ¢. We use the notation-type user to indicate
awu; user, andv-type user to indicate a; user. Similarly,c-type channel indicates@ channel, and-type
channel indicates @ channel. For time slots, there argype,t’-type and”-type timeslots. Let us introduce
the notation/ (u,, ¢;, tx).

17 if (Oé%ﬁja’yk) S S;
I(ui, cj, tk) =
0, otherwise

Next, we choose two constanisand M such thatt « L <« M (e.g.,L > nandM > nL). We
construct capacity values fartype andw-type users as shown in Tables 1 and 2, where the tables are shown
for generici values2 <i < g — 1.

The capacity matrix of eaclrtype user is defined as:

(I) m(ui7cj7tk) = I(Ui,Cj,tk), for1 S ]7t S q,
(II) m(u;, cj, t,) = m(ui,cj,tg) =0,for1 <jt<q-1,
(ii)) m(us,dy,t1) = m(u,dy, ty) =0,
(V) m(ui, dj, t]_q) = m(ui, dj, t;) = m(u;,d;, ;) = 0,for2 < j <q -1,
(V) m(us,dg,ty_1) = (u“dq,t ) =0, and
(vi) forall otherd—type channels, user; has capacity..

The capacity matrix of each-type user is defined as follows:

(I) m(w17cj7t1) (wlvcjv )_0 f0r1<]<q1
(i) m(wi, eyt 1) = m(wl,cj,t ) = m(w;,cj,t;) =0,forl <j<gand2 <i<gqg-1,
(iii) m(wq,cj,tq_1) =m(wg,cj,ty) =0,forl < j<gq,
(iv) for all otherc-type channels, usew; has capacity/, and
(v) for all d-type channels and all time slots, usgrhas capacity.

We next proceed to show that there exists a suBsget S solving the 3DM problem if and only if the
maximum throughput of SP1 is at led84? — 5¢ + 2)(M + L) + q.
Suppose the 3DM is solved usitg. We then construct channel allocation as follows:

— if (aivﬁja,yk) S SO; -r(uiacj7tk) = 11
—if (ai,ﬁj,'yl) S S(), a:(ui,dj7t) =L andx(wi,cj,t) =M, fOl’tlll <t< tq;



Table 1 The capacity matrix for user;, for2 <: < g —1

7 T 7
[ & JaIa] =  _Jala] -] &
1 T(uz,c1,t1) 0 0 T(uz,cq1,ta) 0 0 T(ui, c1.tqg—1) 0 0 T(u;, c1,tq)
co T(u;, co,tq1) 0 0 T(u;, cg, ta) 0 0 T(uy,cg,tq—1) 0 0 T(uj;, ca, tq)
cq—1 I(ui,cq—1,t1) 0 0 I(ui,cq—1,t2) 0 0 T(uj,cqg1,tg—1) 0 0 I(ui,cq—1,tq)
cq T(u;, cq,t1) 0 0 T(u;, cq,t2) 0 0 T(ui, cq> tq—1) 0 0 T(uy, cq, tq)
dq 0 0 L L L L L L L L
do L L 0 0 0 L L L L L
dq71 L L L L L L 0 0 L L
dq L L L L L L L L 0 0
Table 2 The capacity matrix for usep;, for2 <i < q—1
T T 4 T 7T T 4
[ Mo AT Tha [0 [950 [ [ T Tl [ g [ [ [ ]

c1 M M . M M 0 0 0 M M M M P M

co M M . M M 0 0 0 M M M M L M

e M M e M M 0 0 0 M M M M e M

Cq—1 M M - M M 0 0 0 M M M M - M

cq M M o M M 0 0 0 M M M M . M

dq 0 0 0 0 0 0 0 0 0 0 0 0

do 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

dq71 0 0 0 0 0 0 0 0 0 0 0 0

dg 0 0 0 0 0 0 0 0 0 0 0 0

—if (i, B5,7) € So, for2 < k < ¢q—1, z(u;,d;,t) = L andz(w;, ¢j,t) = M, fort; <t <t/ and
t <t <ty
— if (Oéi,ﬁj,’yq) € So, x(ui,dj,t) =1L andx(wi,xj,t) =Mfort; <t < t:;—l'

The total throughput obtained by the above construction can be easily verifiedig’be 5¢ + 2)(M +
L) + g. We have thus shown that: If there exists a solution to the 3DM problem instance, then there exists an
assignment for SP1 with total throughput at le@gf — 5¢ + 2)(M + L) + q.

Conversely, suppose there exiatsolution to the SP1 problem instance with the total throughput of at
least(3q> — 5q + 2)(M + L) + q. Let us refer to this solution & .

Proposition 1 In Sy, the sef{(u;, ¢;, tx) | z(w;, ¢, t) > 0} contains each element @f, T, T3 at most once.

Proof:  The proof of Proposition 1 relies on technical results presented in Lemmas 1 and 2. In the sequel,
the phraseuser: utilizes channej at time slotkc means that (i, 5, k) > 0.

Lemma 1 In &;, eachw-type useny; utilizes exactly one-type channet; through all time slots.

Proof:  Let h(w;,S) denote the throughput fap; in a scheduleS, and i, (w;) denote the maximum
possible throughput faw; over all schedules. Then

(n—=3)M, ifl<i<g;

hmax(wi) = {
(n—2)M, ifi=1orgq.

Thus, if eachw-user uses the maximum possible throughipyi. (w;), then the total throughput fap
type users igq — 2)(n — 3)M + 2(n — 2)M, that is,(3¢*> — 5¢ + 2) M. SinceM is much larger thaid, the
solutionS;must achieve the maximum throughput foitype users, to match or exceed the specified value.
Thus, inS;, eachw-type user uses @atype channel in each time slot possible.

Say, for the purpose of contradiction, thatvetype userw; utilizes more than one-type channel, say
channels:;; ande;,. Clearly, for useny;, the change of channels cannot occur at timeheret] < t <
t._,ort! <t <t, since in that case user; cannot utilize time slot because of constraint 5, and thus
h(wiv'sl) < hmax(wi)-

So, let us assume that the userchanges channels at time skotfor which its capacity is 0, that is,

t € {t/_,,t;,t.}. However, in this case, we note that neither of the channelandc;, can be used at time
slott by any other user due to constraints 4 and 5. As per the construction, all other users have a capacity



of M for all c-type channels during time slotObserving that there ake— 1 users (besides;), andq — 2
availablec-type channels (besideg andc;;), we conclude that at least one other user must “miss” the time
slott, and thusS; cannot achieve a throughput @2 — 5¢ + 2) M. [Contradiction.]

Therefore, inS;, eachw-type usenw; utilizes exactly one-type channet; through all time slots. O

Lemma 1 indicates that, after assigningtype users ta-type channels, there is exactly one time slot
t; available foru-type users to utilize on eachtype channel and for each pair of channelsand ¢, the
available time slot is different. This implies that, in the solution of SP1, if the set of {ers:;, t;)} utilize
all of the available time slots orttype channels, then that set contains each element ahd 75 exactly
once.

Lemma 2 In any solution of SP1, eaalttype user; utilizes exactly oné-type channefl; through all time
slots.

Proof:  The proof is similar to that of Lemma 2. O

From Lemma 2, we know that if user utilizes channetl;, then usew; can only utilizes time slot; on
c-type channels. This implies that each user can utititgpe channels at no more than one time slot. The
implication of Lemmas 1 and 2 proves Proposition 1. Ifatype users have a chance to utilize in the solution
of SP1, then, from Proposition 1, the §ét.;, ¢;, ) | x(u;, ¢;, t,) > 0} is the solution of 3DM. In this case,
the throughput of SP1 should k&> — 5¢ + 2)(M + L) + q. The following result has been established.

Theorem 1 3DM is solvable if and only if the maximum throughput of SPBig — 5¢ + 2)(M + L) + q.

Theorem 1 indicates that 3DM is transformed to SP1 in polynomial time, which establishes the NP-
completeness of the latter.

3.2 Offline Approximation Solution

Having proved that SP1 is NP-complete in Section 3.1, itis justified to seek an approximation algorithm for it.
Before presenting it, we consider the special case when there is only one time slot. This case provides a base
step that is used in the approximation algorithm, as well as in the forthcoming family of online algorithms.

3.2.1 Maximum Throughput for One Time slot
If there is only one time slot, the problem is defined as follows. Giwemsers andf channels, with(4, 5, 1)

being the capacity for théh user on thejth channel, we wish to find an assignment that maximizes the
throughput. An example capacity matrix fousers and channels is shown in Table 3.

Table 3 Example capacity matrix for 6 users and 6 channels for one time slot. An optimal solution is shown in boldface.
\ JUITU2TU3JU4TU5] UG |

Cl 3 8 3 I 4 8
C2 |l 11| 7 3 9 0 2
C3 3 2 I 1 9 I
C4 3 9 3 9 8 2
C5 I 5 8 3 4 8
C6 8 5 3 12 | 11| 4

For a single time slot, the problem of finding the maximum throughput is identical to finding the maximum
weighted matching in the user-channel bipartite graph. The maximum weighted matching in a bipartite graph
is a well studied problem; an optimal solution can be foun@i(m + f)?-°) time as in [7] and [8].

Next we use this solution as a key step in the algorithm for multiple time slots.



3.2.22-Approximation Algorithm for Multiple Time slots

We propose the following algorithoviz/ MC-2 for the multiple-multiple offline version of the problem. The
algorithm works in two stages:

— Step 1:Use the maximum matching to calculate the optimal user-channel assignment for each time slot,
independent of preceeding and succeeding time slot. Let us store the output of this step in an array, say
a = [a(l), a(2), a(3),..., a(n)]. We calla(t) theeffective capacity at time

— Step 2:Assigneffective usagsuch that the total value is maximized. This can be done using a single pass
dynamic programming algorithm, that is based upon the recurr@fige= max{3(k — 2) + a(k), B(k —
1)}. The boundary conditions may be specified?ék) = «(1) and3(2) = max{a(1), a(2)}.

Lemma 3 B(n) is at least half of the sum of the sequence), i.e., B(n) > 1 >°7 | a(i).

Proof:  Consider two specific feasible solutions:

— The feasible solution in which only odd time slots are chosen.
— The feasible solution in which only even time slots are chosen.

Since(n) is optimal solution, it must be greater than both these feasible solutions. That is,

By > 3 a(i) and Bn) = Y ali)

4 is odd 3 is even

Theorem 2 Algorithm MU MC-2 is 2-Approximation.

Proof:  Letus call the optimum throughput for the multiple user multiple chatiieT". In that caseQ PT
must be less than the sum of the optimum solutions obtained for each time slot. Th&ftlis< > | a(i).
Using Lemma 33(n) > 33" a(i) > LOPT. O

Remarks: We show below two simple examples, one that is the worst casaftMC-2 , i.e., B(n) =
$OPT, and one that is the best case feti/ MC-2 , i.e.,3(n) = OPT.

1. An example for worst case forMUMC-2

Setc(i, j,t) = M. The capacity for all channels, time slots and users is the same. Any trivial solution kept

constant af\/ for all time slots achieves the optimal result, buti/ MC-2 only achieves half of optimal
throughput.

2. An example for best case fotMU MC-2

Set
M, if tis odd;
c(i, j,t) =

0, if ¢tiseven.

3.2.3 Time Complexity Analysis

In the first stage, we use maximum weighted matching algorithm which rung(in + f)2:5) time, for each
time slot. Thus, the total time of execution for the first stag@(s(m + f)?-5). The second stage runs in
O(n), resulting in an overall time complexity 6¥(n(m + f)%°).



4 Competitive Online Algorithm

In this section we present a family of competitive online algorithms. In [3], it was shown that no online algo-
rithm can achieve a constant bound on the competitive ratio if no lookahead algorithm is available. However,
in the following section, we show that even one lookahead information can be very useful and lead to a
4-competitive algorithm.

The algorithms presented in this section are a generalization of an earlier algorithm for the single-single
case presented in [3]. It is remarkable that the competitive ratio remains the same for the much more general
multiple-multiple problem.

4.1 Wait-Dominate Heuristic for Single User Single Channel

This family of heuristics, which we call WB(), takes into account the usage of the previous time:giot 1),

the current capacity(t), and the next capacityt + 1). The parametey that defines a member of this family

is assumed to exceed 1. We first present and analyze the single-single versiomn( = 1), which will

be used as a basis for the multiple-multiple case heuristic, both in construction and analysis. To make the
presentation of the single-single case transparent, we use only a time-indexed notation for it. For example
c(1, 7, t) will be denoted simply by(t¢), while the suppresseidand; are both understood to be 1.

The intuition behind the heuristic is:

Wait: If the next capacity is “high” (more tham of the maximum possible current usage), set the current
usage td (that is, dedicate the present time slot to the communication of the switching protocols so that
the next (high) capacity can be used fully). We observe that the conditionl implies that the next
capacity is strictly larger than the maximum possible usage for the current time slot.

Dominate:Else, set the current usage to the maximum possible current capacity. Set the usage for next time
slot toO.

For the usage in the time slots< ¢ < n, the algorithm goes according to the following precise set of
rules. For boundary cases, it assumes gy = 0 andc(n + 1) = 0. Formally, the algorithm is:

if z(t — 1) > 0thensetz(t) =0
else ifc(t + 1) > ~e(t) thensetz(t) =0
elsesetz(t) = ¢(t)

The second line of this algorithm correspond$\ait and the third corresponds Bominate Note that if
at timet a Dominatestep is executed, the next step necessarily assignsi@ifer 1).

An example of the Wait-Dominate heuristic is shown in Table 4. We note that every non-zero usage is
surrounded by in preceding and succeeding time slots. One might ponder on the often assignment of zeros
that follow a positive usage, and the possibility of higher usage within these time slots. While this is possible
in principle, and in fact it is the core idea of a Wait-Hold-Dominate algorithm that does that (see [3]), the
resulting algorithms do not lend themselves easily to extension to the multiple-multiple case.

Table 4 Example usage of Wait-Dominate heuristic.

[(C 28 [23[7[5[15[31[62[3][7]
(X [[23] 0 [7][0] 0 [31][0 [0]7]

Theorem 3 (Generalization of [3]). The Wait-Dominate heuristic WD, wherey > 1, is 42/(y — 1)-
competitive.



Proof:  Define a blockB; of lengthk; + 1 and starting a#; to be:[c(s;), ¢(si+1), - - ., ¢(s; + k)], such that

c(j) > ye(j — 1), for s; <j<si+k—1,
c(si + k) <~vc(si +k—1).
Observe that the block sizeis + 1, and by definition, is at leagt the indexi runs over a random numbégr
of such blocks.
In words, a block comprises those contiguous time slots for which the capacity of each time slot is more

than~ times that of the previous one, and one last block for which this is not the case.
The heuristic assigns the values

z(j) =0, Vs <j<s;+k—2
z(si+k—1)=c(si +k—1),

z(s; + k) =0.
Observe that the total capacity contained in the blB¢ks
si+k
D el) =clsi) +elsi+ 1)+ +clsi+k—1) +c(si +k)
j=si

c(si+tk—1) c(si+k—1)

< AR =2 +oFe(sitk—1)+c(si + k)
Y

< ; -1 )

_7_1C(Sz+k‘ ) + c(s; + k)
,.YQ

< +k—1).

—7,10(514_]{: )

Thus, comparing the total usage over the blégk

Total usage for the block 5" ()
Total capacity for the block Zsﬁ’“ c(j)

J=si
o (= Da(si+k—1)
v2e(s; + k—1)
v—1
7
Since the allocation for the last time slot of each block is alwryke analysis for each block is indepen-
dent, yielding (for a total of blocks)

R(n) _ S"_, Total Usage forB;
Cap(n)  °_, Total Capacity forB;
S >+ Total Capacity forB;
S "_, Total Capacity forB;
v—1
V2
Since the total capacity is a weak upper bound for any offline algorithm, the result follows. ad

Optimizing ~ for Best Competitive Ratio: By conditioning the expressioﬁ_z—1 over~, we observe that the
best competitive ratio achieved by WH)(family is for v = 2, and that WDg) is 4-competitive.

Worst Known Example for WD(~): We show here that the lower bouiigl — 1) /2 is tight by exhibiting
an example where it can be asymptotically achieved by a worst-case example fai).\WWB¢ example is

presented in Table 5. Lét < ¢ < 1, the total capacitfap(n) is (y**! —1)/(y — 1) — (n + 2)¢, and the

throughputR(n) is v* ! — . Thereforelim,, .., lim. o % = (y—1)/42
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Table 5 Worst Known Example for Wait-Dominate heuristic.

n—1 n ‘

‘C: Il—e|vy—e|r =€ —€] ... " — 3e
X: 0 0 0 0 T e At 3 0
T

5
-

4.2 Probabilistic Analysis of WD) Algorithm

In this section, we analyze the probabilistic behavior of the Wait-Dominate algorithms. Our purpose is to
show that such probabilistic analysis is possible, in exact form, albeit the strong dependency in the usage and
capacity sequences involved. For an eveidt indicatoris bel if £ occurs, and 0 otherwise. We shall carry

out our analysis under any general joint probability distribution

Qr(k1, ... kryo;t) :=Prob{c(t —7) =ki,...,c(t+1) = kr12}.

In this joint probability distribution we allow the marginal distributions to be dependent or even time-varying.
In spite of the combinatorial complexity of the exact moments of the usage, we shall see that an asymptotic
analysis is possible in degenerate cases of independent capacities admitting some simple standard usage
distribution.

For1l < t < n, the WD§) algorithm assigns the current usage such #at = c(¢) if and only if
z(t —1) =0andc(t + 1) < vc(t). Let A(¢) and B(t) respectively denote the ever{igt + 1) < ~c(¢)} and
{z(t — 1) = 0}. We then have

x(t) = c(t)Lawy - 1)

Lemmad Igy =1—ITag-1)Ipu-1)
Proof:

Ipwy =1—Iz@—1)>0}
=1 = Liet)<re(t—1),0(t—2)=0}
=1—Ts¢-1)IB@-1)-

Proposition 2 At timet, the sth moment of the usage of the WDéalgorithm is

t—1
E[z°(t)] =Y (-1) > ke 1 Qr(k,. .. kst).
r=0 krypo<ykrp1<7y2k, <. <y lky

Proof:  The recursive formulation aB(¢) in Lemma 4 allows us to represent the usage at timef $toan
inductive manner. By (1), we have

i (t) = (C ) IB( t))
= CS t IA(t)IB(t)

(
(
c(t
(
(

=c*(t

M a
)
Maw[1 = Lag—1)IB@—1))
)
= c*(t)

[(Laty = LayLag—1) (1 = Lag—2Ip(-2))]
(Tay — LagyLag—1) + LagyLag—yLac—2IB(1—2))]

t—3 r
=c*(t) ((_1)t_21A(t) o IaIpey + Y (D] IA(tfj)))-
=0 3=0
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Plugging in the boundary conditiali ) = I{c(2)>~c(1)} = 1 — La1), We obtain

=

t—

() =c" () ()" [[ Lac—s-

r=0 j=0
Taking expectations, we obtain
t—1
E [lL’S (t)} = (71)TE [CS (t)IA(t) . IA(t—r)]
r=0
t—1

(=1 E[¢®(t)Law), a¢—1),..., A(t—r)] -

,
I
=)

Finally, E[c®(t)I{a(),a-1),...,A(t—r)}] CAN be computed from an underlying conditional expectation:

E[C(t)l{c(t-l-l)S’yc(t),...,c(t—r+1)§’yc(t—r) | C(t - T) = kla SERE) C(t + 1) = kr+2]
XQT(k:l? ceey kr+2;t)
= k1 Lk o<k <a2he < <tk } Qr (B - Ry ).

O

Proposition 2 is valid for all joint distributions of capacities, and for whatever complex pattern of depen-
dency therein. We instantiate its use by an example where the capacities are independent random variables.
Consider for instance a sequence of capacities that are independent identically distributed random vari-
ables, with distribution like that ok Ber(p), whereK is a constant and Béf) is a Bernoulli random variable
with success ratg. This example corresponds to an intended constant transmissioR yéet in practice
the channel occasionally fails and becomes inaccessible. For a quick calculation of the moments, we split the
sum in proposition 2 into terms correspondingkta; = 0, and terms corresponding k9,1 = K. And so,
by independence we obtain the moments

t—1 r+2

E[z*(t)] =0+ ) (-1) > K* [[Prob(c(t —r+j—1) = k).
r=0 kpgo<vkpqy1<v2kp<..<y"tlkyg j=1
kpp1=K
When any of the indexéds,, . .., k, is 0, the range of the multi-folded sums is empty. This leaves only terms
corresponding té; = k; = --- = k.41 = K, reducing the calculation to

t—1

E[2°(t)] =) (-1)" > K*p""'Prob(c(t + 1) = ky12)

r=0 krypo<yK
t—1
— Z(_l)rKspr+l
r=0
pK*®
KS
— P , ast — oo.
p+1

FurtherpK*®/(p+1) is thesth moment of Ber(p/(1+p)), and the Bernoulli random variable is uniquely
characterized by all its moments (by Carleman’s condition, see a standard reference like [4]). So,

(1) — KBer(pi 1), (in distribution) )
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For s = 1 we have the average usage agiving an average throughput ovetime slots of

n—1
K
—pK+> Z%(l +(=1)*ph)
t=1

p Kp2 -1
=pK + ——K(n—1)+ 1+ (=1)"p"
b p+1 (n=1) (p+1)2( (="
p
= ———Kn 1).
] n+ O(1)

Note thaty does not play an important role here.
As an average measure of utilization, we compare the expected throughput against the expected total
capacityE[Cap(n)] = pKn, and see that, as — oo,

E[R(n)] o
E[Cap(n)] p+1

If pis small, this utilization goes up. Under very poor receptpdd@se to 0) the ratio approaches 1, because in
fact many capacities are 0 anyway, achieving a very low throughput (over an equally very low total capacity).
If the conditions of reception are almost perfeetc{ose to 1), most capacities will be full, giving rise to a
solid sequence of’'s. However, after each full usage we must assign 0 (for the switching protocols) and
(even optimally) at most half the solid sequence can be used; the average measure of utilization approaches
We also considered another example, whersattered. We tooky = 2 (the best choice) and looked at
the situation when the the capaciti€s) are independent and each is distributed uniformly on the discrete set
{0,1,..., M}. In this case

Qk1, ... kry2) = W
Subsequently, the average usage at tinise
U
E[z(t)] =) ARG > kS (3)
r=0 Epgo<2kqp1<4k,.<..<2r+1k

We computed this multi-folded sum fdr = 1000. Up tot = 30 each new term introduced a correction.
Each even term reduced a previous upper bound, and each lower term increased a previous lower bound. Our
numerical experiment indicates the utilization rati®is5988 for ¢t = 30 and higher. The simulations also
show that efficiency (i.e. actual assignment versus optimal assignment) ranging between 80% and 90% is
attained.

4.3 Adapting the WD Heuristic for Multiple Users and Multiple Channels

In this section, we use several of the ideas in the offline 2-approximate algorithm, in conjunction witya WD
applied to the maximum matching (effective capacity) at a time slot to assign capacities in the multiple-
multiple environment. We refer to the adapted heuristic\dd MC-ON (v). When applied to successive
time slots, theMUMC-ON (~) algorithm is competitive and gives a high network throughput.

At time slot¢ we have a “slice” in time of the continually changing capacity matrix for all the users on all
the channels. For instance, with= 6, andf = 6, at timet, the snapshot in time of available capacities might
be something like the matrix in Table 3. There is an effective capagity which is the sum of the capacities
chosen in the maximum matching. In the running examp(e) = 11 + 94+ 8 + 12+ 9 + 8 = 57). The idea
in MUMC-ON (~) is to employ this combined usage at timeogether with the prediction(t + 1) in a
one-dimensional manner just like the single-single WD we compare two successive effective capacities
a(t) anda(t+1), switch toa(t + 1), if a(t+1) is particularly promising (more thanof the current effective
capacity), otherwise keep the current effective capacity. As usual, while switching all the users will lose a
time slot.

The algorithmMUMC-ON () is specified as follows:
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— Step 1: Calculate the effective capacity (maximum matching)), for each time slot independently.
This step is the same as Step 1 for the offline 2-approximation algosittis\1C-2 .

— Step 2: Assign the usage according to the Wait-Dominate heuristicAYDR «(t + 1) > ~ya(¢), all the
users prepare to switch to their next capacity by receiving 0 usage, otherwise, each of them continues
its current usage. We recall that the Wipheuristic has the property that each non-empty allocation (of
effective usage) is surrounded Bwllocation of usage in the preceding and succeeding time slots.

Formally stated, the algorithm is just like that given in Subsection 4.1, the one difference being(évery
is replaced byy(t), an effective capacity at time

4.3.1 Example oMUMC-ON (v)
In this section, we present a complete example of&t MC-ON (2) algorithm. Our example consists of

3 users, 4 channels, and 5 time slots. The flow of information is shown in Table 6, and consists of phases as
described above.

Table 6 A complete example oMU MC-ON algorithm: (i) Input matrices, (i) Ther list and application of WD algorithm,
and (i) Actual allocation.

t=1 t=2 t=3 t=14 t=5
832 554 232 1083 957
469 437 314 9 99 788
624 525 324 6 77 778
771 972 551 5 89 8 86
(i) Input matrices
[ [[24]21]12]28] 25
[ X2 [24] 0] 0]28] 0|
(ii) The « list and application of WD algorithm

t=1 t=2 t=3 t=41 t=>5
800 000 000 1000 000
009 000 000 090 000
000 000 000 000 000
070 000 000 009 000

(iii) Actual allocation.

4.3.2 Analysis ofMUMC-ON

Theorem 4 The algorithmMUMC-ON (v) isv?/(y — 1))-competitive.

Proof:  The proof is based on the proof for WD algorithm that is used in Step 2. Let the value of an optimal
offline algorithm be given by PT. The optimum value cannot exceed the sum of optimum values obtained
independently for each time slot:

OPT <) a(t).
t=1

Let the throughput using th&1/ MC-ON () be 3. Employing they? /(v — 1)-competitiveness of the
WD(~).

-1 -1

t=1
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4.4 Analysis of Multiple User Multiple Channel Version

As already mentioned, th&1i/ MC-ON (v) algorithm is just like its one dimensional counterpart WE(
except that the effective capacity is used at each stage. Therefore, the probabilistic analysis carries over mutatis
mutandis (only a change oft) to «(t) is required).

Proposition 3 Leta(t) be the effective capacity at timén a network using thét/ MC-ON (v) algorithm.
Thesth moment of the usage at this time slot is

E[2*(t)] =Y (-1 > k1 Qr(kr,. o K3 t),

r=0 Erypo<vkrp1<72k, < <y HlEy

where

Qr(k1y... kpio;t) :=Prob{a(t —r) =ki,...,a(t+1) = kyy2}.

We illustrate Proposition 3 by a simple example. Suppose we have only two users, competing at each time
slot for the same channel under thée/ MC-ON (2) algorithm. The time slice here¥(t) = (Y1(¢), Y2(t)),
a pair of independeriBer(p) random variables, and a¥ (¢),t = 0,1, ..., n, are independent. Clearly, The
effective capacities come acrossigimes one combined Bernoulli random variable, because the effective
capacity is either 0, whek, (t) = Y2(¢) = 0, or it is K when either or bott; (), andY;(¢) are K (in the
case of both beingd we still get an effective capacitl(, owing to the constraint that no two users can share
a channel). In other words, the maximum matching(s) = max{Y1(t), Y2(¢)}, which is distributed like
Ber(p') random variable, with’ = 2pg+p? = 1—¢>. The analysis has been reduced to that of a single-single
WD(2) algorithm, with the capacitiest) being an independent Bernouller(p’) sequence. For this latter
system we obtained a result. Whence,ifoe= 2, andf = 1 we have

ERm] o 1-¢
E[Cap(n)] 200’ +1)  2p(2—q?)’

hereR(n) is interpreted as the effective throughput for the entire network, i.e.

n

R(n)=> "> a(i,1,1),

i=1 t=1

andCap(n) is interpreted as the total available capacity, i.e.
Cap(n) = " a(t),

t=1

where

K, with probability2pq,

{ 0,  with probability¢?,
2K, with probability p?,

and across time the variablég) are independent.
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5 Conclusion and Future Work

Channel-aware scheduling and link adaptation will play an important role in achieving the high data rates
required by emerging mobile applications. In this paper, we considered the problem of maximizing throughput
in a multi-carrier wireless network that employs link adaptation.

We first analyzed the concept of link adaptation and based on that, we formulated a combinatorial problem
to model the scheduling problem in a multi-carrier wireless network with multiple users. We considered the
offline version of the problem and proved the inherent complexity of the problem by presenting a reduction
from a known NP-complete problem. We presentedapproximation algorithm for the offline version. We
also formulated the more practical online version of the problem and generalized a known algorithm for the
single user single channel case. We extended the algorithm for multiple user multiple channel environment
and proved that the modified algorithmdscompetitive, and also presented an average case analysis of our
algorithm.

Our results show that a modest lookahead capability of one time slot allows us to pravaeetitive
algorithm for multiple user and multiple channel environment.

We have not considered the quality of service requirements for different users in the scheduling problem.
A natural extension of this work would be to study the scheduling algorithm considering the quality of service.
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